Unified Description of Nambu— Goldstone Bosons without Lorentz Invariance 
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Introduction. — Spontaneous symmetry breaking 
(SSB) is ubiquitous in nature. The examples include 
magnets, superfluids, phonons, Bose-Einstein conden- 
sates (BECs), neutron stars, and cosmological phase 
transitions. When continuous and global symmetries 
are spontaneously broken, the Nambu-Goldstone the- 
orem [l|-[3J ensures the existence of gapless excitation 
modes, i.e., Nambu-Goldstone bosons (NGBs). Since 
the long-distance behavior of systems with SSB is 
dominated by NGBs, it is clearly important to have 
general theorems on their number of degrees of freedom 
and dispersion relations. 

In Lorentz-invariant systems, the number of NGBs 
'^NGB is always equal to the number of broken genera- 
tors riBG- All of them have the identical linear dispersion 
Lo = c\k\. However, once we discard the Lorentz invari- 
ance, the situation varies from one system to another. 

Until recently, systematic studies on NGBs without 
Lorentz invariance have been limited. (See Ref. [J] 
for a recent review.) Nielsen and Chadha [5| classified 
NGBs into two types: type I (II) NGBs have disper- 
sion relations proportional to odd (even) powers of their 
momenta in the long- wavelength limit. They proved 
TT-i -I- 2nn > 'T-BG; where nr (nn) is the number of type I 
(II) NGBs. Schafer et al. [6| showed that tingb is exactly 
equal to nsG if (0|[(5i, Qj]|0) vanishes for all pairs of the 
symmetry generators Qi. A similar observation is given 
in Ref. [7|. Given these results, Brauner and one of us 
(H. W.) [Sj conjectured 



"-BG - n^GB = -rankp, 
p,,= hm -^(0|[Q„g,]|0 



(1) 

(2) 



where f2 is the spatial volume of the system. 

In this Letter, we clarify these long-standing ques- 
tions about the NGBs in Lorentz-non-invariant systems 
by proving the conjecture and showing the equality in the 



Nielsen-Chadha theorem with an improved definition us- 
ing effective Lagrangians £off- We also clarify how the 
central extension of the Lie algebra makes a contribution 
top ij. 

Coset space. — When a symmetry group G is sponta- 
neously broken into its subgroup H , the space of ground 
states form the coset space G/H where two elements of 
G are identified if gi = 172^ for ^h S H . Every point on 
this space is equivalent under the action of G, and we 
pick one as the origin. The unbroken group H leaves the 
origin fixed, while the broken symmetries move the origin 
to any other point. The infinitesimal action of G is given 
in terms of vector fields h^ = h°'da {i — 1, . . . ,dimG) 
on G/H, where da = -J^ with the local coordinate sys- 
tem {tt"} (a = 1, . . . , riBG — dim G — dim H) around the 
origin. The infinitesimal transformations h^ satisfy the 
Lie algebra [hi, hj] = /''ijhk. We can always pick the co- 
ordinate system such that 7r°'s transform linearly under 
H, namely, that h^ = TT''RP{T,)^''da, where i?P(r,) is a 
representation of H [10[. On the other hand, the broken 
generators are realized nonlinearly, h^ = h^'^{-K)da with 
/ij,"(0) = Xj°. Since broken generators form a basis of 
the tangent space at the origin, the matrix X must be 
full-rank and hence invertible. 

The long-distance excitations are described by the 
NGB fields tt°'{x) that map the space-time into G/H. 
We now write down its Ccs in a systematic expansion 
in powers of derivatives, because higher derivative terms 
are less important at long distances. 

Effective Lagrangians without Lorentz invariance. — 
We discuss the £eff for the NGB degrees of freedom fol- 
lowing Refs. 



11 



|12| |. Under global symmetry G, the 
NGBs transform as Stt"' — O^h"" where 6*' are infinitesimal 
parameters. However, we do not make 0' local (gauge) 
unlike in these papers because it puts unnecessary re- 
strictions on possible types of symmetries and their real- 
izations, as we will see below. 

It is well known that a symmetry transformation can 



change the Lagrangian density by a total derivative. 
The examples include space-time translations, supersym- 
metry, and gauge symmetry in the Chern-Simons the- 
ory [l3j . We allow for this possibility in the Cgg of the 
NGB fields. We assume spatial translational invariance 
and rotational invariance at sufficiently long distances in 
the continuum limit, while we can still discuss their SSB. 
If Lorentz invariant, the Ccs is highly constrained. 



C,S - -9ab{7T)d^7T''d''7r' + 0{df,). 



(3) 



The invariance of the Lagrangian under G requires that 
gab is a C?-invariant metric on G/H, namely dcQakhf + 
gacdbh^'^ + gcbdahi'^ — 0. When the coordinates tt" are 
reducible under H , the metric g is a direct sum of irre- 
ducible components gab = J2p ^v^ab where (5^^ vanishes 
outside the irreducible representation p with arbitrary 
constants Fp for each of them. 

On the other hand, once we drop Lorentz invariance, 
the general £off has substantially more freedom. 



-Coff = Ca(7r)7r° + -gabin)7r"--k 

+o{dldtdld',), 



"' l9abi7T)dr7r''dr7r'' 



(4) 



where gab is also G invariant. Here and hereafter, r — 
1, . . . ,d refers to spatial directions. 

Note that the spatial isotropy does not allow terms 
with first derivatives in space in the Ccs- Therefore, the 
spatial derivatives always start with at least the second 
power 0{d^). (Actually, it is not critical for us whether 
there are terms of 0{d^); it may as well start at 0{df) 
without affecting our results, as we will see below.) 

The Lagrangian density changes by a total derivative 
under the infinitesimal transformation Sn'^ — 0*/ij" iff 



[dbCa -daCb)h^'' = daCi. 



(5) 



The functions ei(7r) introduced in this way are actually 
related to the charge densities of the system. By pay- 
ing attention to the variation of the Lagrangian by the 
surface term 



SC,s = 0'dticaK'' + e,), 



(6) 



we can derive the Noether current for the global symme- 
try Ji = Si — gabh°"k^ . Since the ground state is time 
independent tt'' = 0, 



.(0) = (0|j°(x)|0). 



(7) 



It must vanish in the Lorentz-invariant case, which can 
be understood as the special situation where Ca and e^ 
vanish, and gab = c^gab- 

Before presenting the proof, we explain the advantage 
in not gauging the symmetry. A tedious calculation ver- 
ifies dh{h°-daej — f^jCk) — 0, with a general solution. 



V^aBj =/'=„efe-f Cy. 



(8) 



Therefore, ei(7r)'s transform as the adjoint representation 
under G, up to possible integration constants c^ = —Cji. 
These constants play important roles as seen below. 

In the presence of such constants, the global symmetry 
cannot be gauged [ll| . This is reminiscent of the Wess- 
Zumino term that also changes by a surface term under 
a global symmetry and produces an anomaly upon gaug- 
ing IJ, |l5| . It is known that the constants can be chosen 
to vanish with suitable definitions of Ci for semisimple Lie 
algebras, while a nontrivial second cohomology of the Lie 
algebra presents an obstruction [16| . 

Proof of the conjecture. — The basic point to show is 
that when p^j ^ 0, the NGB fields for the generators i 
and j are canonically conjugate to each other. 

From Eq. ([7]) and the assumed translational symmetry, 
the formula for p in Eq. Q is reduced to 



P^] 



,j°]|0)=V9ae, 



JlTr=0- 



(9) 



Obviously, this must vanish for unbroken generators by 
definition. Combining this with Eq. ([SJ, we have 



hi'^hj' {dbCa - daCb) l^^p = Pij. 



(10) 



We now solve this differential equation around the origin. 
The Taylor expansion of €„ (tt) can be written as Cq (tt) — 
Ca{0) + {Sab+Aab)n''+O{Tr^), whcrc Sab a.nd Aab stand for 
the symmetric and antisymmetric parts of the derivative 
5f,Ca 1 7r=o- Obviously Ca(0) and Sab lead to only total 
derivative terms in the £off and thus will be dropped 
later: 



CaiTr)T:''^AabTr''n'' + dt 



CaiO)7r'' + yabTT'^Tr' 



0{7r' 



(11) 

The equation for the antisymmetric part 2X^'^Xj'Aab = 
Pcd has a unique solution which gives 

Ca{7T)7r'' = ^Pabn''n'' + 0{n^), (12) 

where tt" = tt''{X^^)^'^. Since the matrix p is real 
and antisymmetric, we can always transform it into the 
following form by a suitable orthogonal transformation 

^i — ^ij ^ j • 

/Ml \ 



M„ 



V 



, M„ = 



A„ 



0/ 



(13) 

Here, Aq ^ for a = l,...,m = ^rankp, while the 
remaining elements identically vanish. 

The most important step in the proof is to write down 
the explicit expression of the £cff in Eq. (|3]), 



Cain n 



^ 2 



A„(^2a~2a-1 _ ~2a~2a-l)^ (^4) 



which is in the famihar form of the Lagrangian on the 
phase space L = picf — H [l7|. Namely, tt^°'~^ and tt^" 
are canonically conjugate variables, and they together 
represent one degree of freedom rather than two degrees 
of freedom. Hereafter we call the first set of tt^'s (a — 
1, . . . 2m) type B, and the rest type A. Hence, nA + 2nB — 
riBG with riA = n^G ~ 2m. and ne = m. Thus we proved 
the conjecture Eq. ([T]). 

The definition of a degree of freedom here is the con- 
ventional one in physics; i.e., one needs to specify both 
the instantaneous value and its time derivative for each 
degree of freedom as initial conditions. This definition 
does not depend on the terms with spatial derivatives in 
the Lagrangian. 

Now we are in the position to prove that the equality 
is satisfied in the Nielsen-Chadha theorem if the term 
with two spatial derivatives exists with a nondegenerate 
metric gab- Then Eq. (|4]) implies that the type A NGB 
fields have linear dispersion relations uj oc k, while the 
type B NGB fields have quadratic dispersions uj (x k'^. 
In this case, our type A (B) coincides with their type I 
(II), respectively, and the Nielsen-Chadha inequality is 
saturated. 

On the other hand, if we allow the second-order term 
0{d^) to vanish accidentally but the fourth-order term 
0[df.) to exist, the unpaired (type A) NGBs happen to 
have a quadratic dispersion (w^ esc A:^, and hence type II) 
yet count as independent degrees of freedom each [8|. 
Therefore, the Nielsen-Chadha theorem is still an in- 
equality in general. In contrast, our distinction between 
type A and type B NGBs is clearly determined by the first 
two time derivatives, and defines the number of degrees 
of freedom unambiguously. Therefore, the classification 
between odd and even powers in the dispersion relation 
is not an essential one, and our theorem is stronger than 
that by Nielsen and Chadha. 

Note that the Lagrangian formalism is mandatory in 
our discussion, because the presence of the first-order 
derivatives in time essentially affects the definition of 
the canonical momentum, while a Hamiltonian is writ- 
ten with a fixed definition of the canonical momentum. 

Examples. — The simplest and most famous example 
of a type B NGB is the Heisenberg ferromagnet H — 
—J^u ,\ Si ■ Sj with J > on a d-diniensional square 
lattice {d > 1). In this case, the original symmetry group 
0(3) is spontaneously broken down into the subgroup 
0(2). The coset space is 0(3)/0(2) = 5"^ We assume 
that the ground state has all spins lined up along the 
positive z direction without a lack of generality. Even 
though there are two broken generators, there is only 
one NGB with the quadratic dispersion relation w ex fc^ . 

The coset space can be parametrized as {nx,ny,nz) — 

The 0(3) transformation 
1,2) is realized linearly for 



{7r\n^^l~in^r~i7:^r). 






ihj = x,y,z; 



for broken ones X^'^ = eab- One can show that the Ccs 
consistent with the 0(3) symmetry up to 0{d^) is 



CcS = m 



T^y^x fT'x'^y 



^F'^n^ - ^F^drudrn. (15) 



Comparing to Eqs. (UJ and (O, we can read off Ca and 



Ci as ci 



C2 



and e," 



Hence m 



iJz) represents the magnetization of the ground state. It 
is clear that there is only one type B NGB because tt^ 
and TT^ are canonically conjugate to each other, with a 
quadratic dispersion w ex fc^ . 

However, for an antiferromagnet, J < 0, the overall 
magnetization cancels between sublattices, and therefore 
ei = 0, which in turn requires Ca = 0. As a consequence, 
the lowest order term in the time derivative expansion 
has two powers, and we find that both tt^ and tt^ rep- 
resent independent type A NGBs with linear dispersions 
id cx |A:|. The generalization to the ferrimagnetic case is 
straightforward. 

Another example is the spontaneously broken transla- 
tional invariance that leads to acoustic phonons in an 
isotropic medium [18|. The displacement vector u{x) 
represents the NGBs under the spatial translation u — > 
u + e, hence G = R^ and H = 0. Then with 0(3) sym- 
metry of spatial rotations, the most general form of the 
continuum CcS is 



/:.ff = -n^-^(V.«)2-^(Vxn)2 



(16) 



We recover the usual result of one longitudinal and two 
transverse phonons with linear dispersions uj = c^k and 
Lo = ctk, respectively (type A). When the 0(3) symmetry 
is reduced to SO (2) x Z2 for rotation in the xy plane and 
the reflection z — >■ — z, there are considerably more terms 
one can write down. Using the notation ^ — Ux+iuy, d — 
2{dx ~ "idy), and V' and d for their complex conjugates, 
the most general Ccs is 

?> - • 1 - • - - 1 

Cos = -^^^ + ^ul + V^^ - F^{d^){d^l;) - -Flid.u.f 



-{duz,dzip) 



Fi Fi 
Fi Fi 



duz_ 

dzijj 



i(F|(9^)2 + c.c.). 
(17) 



With Cxy ^ 0, we find there is one type A NGB with a 
linear dispersion, and one type B NGB with a quadratic 
dispersion. The first term ^^^ipip = \cxy{uyUx — UxUy) 
implies 



Pxy^~l{0\[Px,fy]\0}^Cxy^O. 



(18) 



the unbroken generator h^°-{T:) = eatT^ , while nonlinear ly 



Namely, this Lie algebra is a central extension of 
the Abelian algebra of the translation generators, i.e., 
[Pi,Pj] = Cijfl. As pointed out in Ref. [19|, when the 
medium is electrically charged, an external magnetic field 
along the z axis precisely leads to this behavior with 



Cxy = 2wc (the cyclotron frequency), because the gauge- 
invariant translations in a magnetic field are generated by 
P, = -thd, - f^„ which satisfy (0|[P„P„]|0) = t^B.N 
with the number of particles N. This would not be pos- 
sible with the gauged £off in Ref. [llil that does not allow 
for the central extension. 

As a more nontrivial example, let us consider a spinor 
BEC with F = 1. The symmetry group is G = S0(3) x 
U(l), where S0(3) rotates three components of F = 1 
states, while U(l) symmetry gives the number conserva- 
tion. The Lagrangian is written using a three-component 
complex Schrodinger field ip, 

£ = i?i?At^ - — a^V'^^^V' + mV'^V' - - (V- V)^ - - IV'^V^r 

2m 4 4 

(19) 

Since the potential reads ^i^n^ — /in — jS^ {h = tp^i}, 

S = ip^ Sip and S is the 3 by 3 spin matrix), we identify 

two possibilities for condensates 



iP^Vp{0,0,lf or ^(1,1,0) 



V2^ 



(20) 



< 0) or "ferromagnetic" (k > 
and 



2fj. 



/^ ^ 



for "polar" (—A < 
0) states, where 



The magnetization density is given by 6^(0) — {j^) = 
—iheijkip*ipk. In the polar case, there is no net magne- 
tization, and the symmetry is broken into H — SO (2) C 
S0(3). For the ferromagnetic case, there is a net mag- 
netization £2(0) = hvi, and the symmetry is broken into 
the diagonal subgroup H of U(l) and S0(2) C S0(3). 
Therefore, the unbroken symmetry is the same for both 
cases [H = S0(2) = U(l)], yet we see three type A NGBs 
for the polar case while one type A and one type B NGB 
for the ferromagnetic case as shown below. 
For the polar case, we parameterize tp as 



iP^{vp + h)e''^{n + ix), n^^l, x -L 



(21) 



After integrating out the gapped modes h and x? the 
Lagrangian (fT9|) becomes 



£cff 



fi2. 



2, ,2 



h^v, 



\ + K 



+ L^^' - ^ [(^rOf + {drur] . (22) 



2m 



We do find three type A NGBs with linear dispersions. 
For the ferromagnetic case, we parameterize ip as 



ip — {vf + h) 



je 



V2(l + 2*z) 




(23) 



After integrating out /i, we find 

ft2 



-Ccff 



2 ^ ^ ~ ^ '^ 

nVfi 



A 



z z 



2m 



drO 



.Z*drZ — drZ*Z 

^ 

1 -|- Z*Z 



2drZ*drZ 

(1 + Z*Z)2 



.(24) 



Clearly, z and z* are canonically conjugate to each other, 
representing one type B NGB with a quadratic disper- 
sion, while 9 represents one type A NGB with a linear 
dispersion. 

Underlying geometry. — Having demonstrated our 
theorem Eq. ([T]) at work in very different examples, we 
now study the underlying geometry. Usually, canonically 
conjugate pairs in mechanics (such as type B NGBs) im- 
ply a symplectic structure mathematically, which requires 
an even-dimensional manifold M, and if closed, a nontriv- 
ial second de Rham cohomology H^{M) ^ 0. However, 
we have seen in the last two examples that type A and 
type B NGBs can coexist on an odd-dimensional M with 
H^{M) = 0. This puzzle can be solved as follows. 

The time integral of the first term in Eq. ^ defines a 
one-form c = Cadir"' on the coset space, and its exterior 
derivative gives a closed two-form a = dc. Using the 
coordinates in Eq. (O, a = J2a=i Kdir^" A dif^a-i f^^. 
m type B NGBs, which resembles a symplectic two-form. 
However, type A NGB fields for the remaining tibg — 
2m broken generators do not have terms with first order 
in time derivatives, and hence do not take part in a. 
Therefore, a has a constant rank but is degenerate, and 
hence is not a symplectic structure in the usual sense. 

This kind of a partially symplectic (or presymplec- 
tic [la]) structure is possible on a coset space by con- 
sidering the following fiber bundle, F '^ G/H -^ B, 
where the base space B = G/{H x F) is symplectic. The 
fiber F is a subgroup of G that commutes with H. The 
symplectic structure oj on i? is pulled back to G/H as 
a — Ti*Lj. Since duj = Q on B implies dcr = on G/H, 
we can always find a one-form c such that dc — a locally 
on G/H, which appears in £cff- Type B NGBs live on 
the symplectic base manifold B, whose coordinates form 
canonically conjugate pairs, while the type A NGBs live 
on the fiber F, each coordinate representing an indepen- 
dent NGB. The type A and type B NGBs can coexist on 
G/H in this fashion. 

The Heisenberg ferromagnetic model has the coset 
space S^ = CP^ which is Kahler and hence symplec- 
tic, with one type B NGB. On the other hand, the spinor 
BEC example in its ferromagnetic state has G/H — RP^ 
which is not symplectic. The last term in Eq. (1241) is noth- 
ing but the Fubini-Study metric on S'^ = CP^ which is 
Kahler and hence symplectic. The first term in Eq. (|24|) 
defines the one-form c whose exterior derivative dc gives 
precisely the Kahler form associated with the metric up 
to normalization. However 9 is an orthogonal direction 
with no connection to the symplectic structure. We can 
define the projection tt : RP"^ — >■ S^ simply by eliminating 
the 9 coordinate. It shows the structure of a fiber bun- 
dle U(l) ^ MP3 A CP\ which is the well-known Hopf 



fibration (the difference between S^ and 



syz2 



is not essential here). The phonons in the magnetic field 
also show a partially symplectic structure. 

In fact, it is always possible to find such a symplectic 



manifold B if G is compact and semisimple, thanks to 
Borel's theorem 
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Generahzations to non-semi-simple 
groups would be an interesting future direction in math- 
ematics. 

Final remarks. — In this Letter, we exclusively fo- 
cused on true NGBs. We do not regard pseudo-NGBs [22 1 
as NGBs, since they do not correspond to the broken 
symmetries and tend to acquire mass corrections. Also, 
we assumed that there are no gapless excitations other 
than NGBs; especially, this assumption fails when there 
is a Fermi surface on the ground state. Taking such de- 
grees of freedom into account would be another interest- 
ing future direction. 
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